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Error Bounding

Problem Definition

Xin: input set

neural ODE reachable set:

Rneural ODE(Xin) = {y e R" | y= (I)(l, U) (RS Xm}
@ ResNet reachable set:

RResNet(Xin) = {y € R" [y = u+ f(u) u € Xjn}

Problem 1 (Error Bounding):

Re(Xin) = {®(1,u) = (u+ f(u)) | v € Xin}
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Error Bounding
Proposed Approach

@ Lagrange remainder:
tdm(O) ﬁd%(t*)

x(t) = z(0) + i + TR

, for unkown t* € [0, ]
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Error Bounding
Proposed Approach

@ Lagrange remainder:

dr(0)  1d2z(t") .
z(1) = + o +§ o for unkown t* € [0, 1]

@ neural ODE based on ResNet:
O(1,u) = (v + flu)) +e(u)

@ Where €:
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Error Bounding
Proposed Approach

@ Lagrange remainder:

dr(0)  1d2z(t") .
z(1) = + o + RPTEE for unkown t* € [0, 1]

@ neural ODE based on ResNet:
O(1,u) = (v + flu)) +e(u)

@ Where €:

@ ResNet based on neural ODE:

+/(u) = @(1,u) —£(u)
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Error Bounding

Numerical Example

Fixed-Point Attractor System
@ 5 dimensional neural ODE
e & = f(x) =Tz + Wtanh(z),
where:
— 7=-10"6
— W is a 5 x 5 matrix
— tanh: hyperbolic tangent AF
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Error Bounding

Bounding ).

@ neural ODE reachable tube:
R::;Efal ODE(Xm) = {(I)(tvu) eR" l te [Oa 1]7 u e Xm}

@ Bound the error term:
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Error Bounding

Error Bound Comparison
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Verification Proxy

Verification Proxy

o X;: safe set

e Problem 2 (Safety Specification):
R(Xfm) g Xs
@ neural ODE based on ResNet:

Rneural ODE(Xin) C QI?esNet(-)Cz'?m) + QE(XZ’H>
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Verification Proxy

Verification Proxy

X;: safe set
Problem 2 (Safety Specification):

R(Xfm) g Xs

neural ODE based on ResNet:

Rneural ODE(Xin) C QI?esNet(-)Cz'?m) + QE(XZ’H>

ResNet based on neural ODE:

RResNet(Xin) c Qneural ODE(Xin) + Qfs(in)
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Numerical Example

Verification of neural ODE based on ResNet

° Xs 2 QResNet(-)C'in) + QE(XM) 2 7-\>'neU|'a| ODE
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Numerical Example

Verification of neural ODE based on ResNet

° )(s 2 QResNet(/"L}m) + Qs(Xm) 2 Rneural ODE
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Numerical Example

Verification of neural ODE based on ResNet
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Numerical Example

Verification of ResNet based on neural ODE

° )(s 2 Qneural ODE(X;:TL) + Q—E(Xin) 2 RResNet
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Numerical Example

Verification of ResNet based on neural ODE

° )(s 2 Qneural ODE()(in) + Q—E(Xin) 2 RResNet
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Numerical Example

Verification of ResNet based on neural ODE

° )(s 2 Qneural ODE()(in) + Q—E(Xm) 2 RResNet
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Numerical Example

Conclusions

Set-based method bounding neural ODE and ResNet approximation
@ Tighter over-approximation than SOTA

@ Use reachability/verification tools on one model to verify the other

Future Work
@ Explore additional complexity sources
e Handle non-smooth activation functions (e.g., ReLU)
@ Study versatility of verification proxy approach
e Apply to complex nonlinear dynamical systems
o Extend to other neural network architectures (e.g., RNN or CNN)

Contact: abdelrahman.ibrahimQuniv-eiffel.fr
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